We use self-consistent Hartree-Fock calculations performed in the full π-band Hilbert space to assess the nature of the recently discovered correlated insulator states in magic-angle twisted bilayer graphene (TBG). In single spin/valley-flavor models we find two closely competing gapped states, one of which breaks the system's valley projected C2T symmetry and produces moiré bands with finite Chern numbers. Broken spin/valley flavor symmetries then enable gapped states to form not only at neutrality but also at total moiré band filling n = ±p/4 with integer p = −3, . . . , 3. We predict that the magic-angle TBG insulating states at n = ±1/4 and n = ±3/4 can exhibit a quantized anomalous Hall effect.
Introduction: A small relative twist between adjacent graphene layers produces a triangular lattice moiré pattern with a spatial periodicity that is inversely related to twist angle. It was noticed [1, 2] some years ago that at a series of magic twist angles θ, the moiré pattern yields very flat low-energy bands that promise strong electronic correlations. These have now been revealed in recent experimental studies [3] [4] [5] [6] of bilayers with carefully controlled twist angles that demonstrate interaction-induced insulating ground states [4] at some rational moiré band [2] filling factors flanked by superconducting domes [5] reminiscent of those that appear in many other strongly correlated materials. This exciting discovery has inspired a flurry of theoretical work directed toward achieving a more complete understanding of the insulating states and their superconducting satellites. Previous work on the insulating states has been based mainly on an indirect approach that starts by identifying effective lattice models for the moiré bands, and then combines these with generalized Hubbard models to address interaction phenomena. The goal of this Letter is to provide a different starting point.
At small twist angles the electronic structure of twisted bilayer graphene can be accurately [2] described using a continuum model [2, 31] in which single-particle electronic states with a four-level spin/valley internal flavor degree-of-freedom are approximated by envelope function spinors with four components, corresponding to π-orbital amplitudes on the bilayer's four sublattice sites. The simplest version of the continuum model [2] adds a spatially periodic sublattice-dependent π-orbital interlayer hopping term, which accounts for the moiré pattern's spatially varying stacking arrangement, to Dirac model contributions that account for hopping within individual layers. This moiré band Hamiltonian is spin-independent, and its projections onto graphene's two valleys are related by time-reversal symmetry. Up to an overall energy scale, its spectrum depends only on a single twist-angle dependent parameter α = w/ vk θ where w ≈ 110 meV is an inter-layer tunneling parameter, v ≈ 10 6 m/s is the Dirac velocity, and k θ = 2K sin(θ/2) is the momentum separation between the Brillouin-zone corner momenta (with magnitude K) in the two layers. , and twisted bilayer graphene projected to valley K (right). Graphene has two Dirac points located at momenta K and K related by time reversal symmetry (TRS). TRS is preserved when interactions induce mass gaps at the two Dirac points that have the same sign, i.e. that favor the same sublattice, giving rise to density-wave broken symmetry states that have zero Chern numbers. TBG moiré bands have a related C2T symmetry and two Dirac points for each flavor that are associated with opposite layers. Because the two Dirac points have the same chirality, mass gaps of the same sign at the two-Dirac points give rise to moiré bands with non-zero Chern numbers. The larger green and smaller blue circles in the lower panels are intended to suggest the sense of sublattice polarization we find to be most stable, and the blue and red oriented circles the sublattice chirality of the band states, i.e. the sense of winding of inter-sublattice phase along momentum-space paths that enclose the Dirac points.
An important complication [8, 32] arises in exploring the apparent similarities between magic angle TBG graphene and other systems that exhibit superconductivity when interaction-induced insulating states are doped. In the TBG case the valley-projected moiré flat bands occur not singly, but in valence/conduction pairs connected by two symmetry-protected linear Dirac band crossings. Importantly the two Dirac points of weakly coupled bilayers carry the same chirality as illustrated schematically in Fig. 1 . This property implies [8, 32] moiré flat bands can be described only by tight binding models with at the very least two orbitals per flavor per moiré unit cell. Recent work [33] suggests that faithful descriptions of interaction physics using Hubbardlike models may require the inclusion of as many as ten bands per flavor, reducing the simplification that can be achieved by extracting effective lattice models from the starting continuum description. We show below that the insulating states arise from a complicated dependence of band topology on both twist angle and interaction selfenergies that would be difficult to capture with a lattice model. Single Flavor Theory: Our theoretical approach is guided by the experimental [4] discovery of insulating states in magic angle TBG at total moiré band filling factor n = p/4 with integer p. Here p is the total charge per moiré unit cell, and the factor of four accounts for the spin/valley degeneracy of the band Hamiltonian, a flavor degree-of-freedom that is evidently broken in most insulating states. Insulators are normally describable at least qualitatively using Hartree-Fock mean-field theory, which can for example identify the classical ground states of most antiferromagnetic insulators. The difficulty in the TBG case compared to the familiar case of atomicscale insulators, is that the Hamiltonian does not contain strong attractive potential terms within each unit cell that select particular high-weight atomic or ionic configurations. To understand the nature of the insulating states, we must perform unbiased Hartree-Fock calculations in the full π-orbital Hilbert space. In order to form insulating states, interaction selfenergies must in the first place gap the moiré band model's Dirac points. For weakly coupled bilayers gaps can be induced simply by breaking the C 2 T symmetry, discussed further below, which guarantees that the bands' momentum space Berry curvatures vanish identically. Unless this symmetry is broken the two Dirac points between the lowest conduction and valence bands, which have the same chirality as illustrated in Fig. 1 , can be eliminated only by band-touchings that involves more remote bands. Given the decrease in Dirac velocity that occurs as the magic angle condition is approached, and the expectation [34] that gap-inducing broken symmetries occur in any two-dimensional Dirac systems at small values of the Dirac velocity, the fact that charge gaps develop as the magic angle is approached is in fact not a surprise. What is surprising, as we now explain, is that the insulating state gaps do not emerge primarily from broken C 2 T symmetry.
Typical results of single-flavor self-consistent HartreeFock calculations performed in the full π-band Hilbert space of TBG are summarized in Figure 2 , and in Table I , where the ground state energies of the single-particle and interacting ground states are separated into intralayer and interlayer tunneling, and intralayer and interlayer interactions contributions. The technical details of these calculations are described in the supplementary material. All energies are expressed relative to the energy of the non-interacting state in the absence of inter-layer tunneling. The calculations summarized here were performed using a background dielectric constant = 10 to account for screening by the surrounding dielectric material, which would on its own imply ∼ 5, and by the insulating π-band system. (Our main conclusions are independent of the value used for .) As shown in Fig. 2 , we find separate self-consistent gapped solutions with and without C 2 T symmetry breaking. Sizable gaps open throughout the Brillouin zone in both cases. The C 2 T -broken solution, which features moiré bands with non-zero Berry curvatures and sublattice polarizations, is however always lowest in energy at small values of (stronger interactions).
In Table I we first note that the ratio of the cost in intra-layer tunneling energy, to the energy gain from inter-layer tunneling in the non-interacting ground state is 1 : 2, the ratio that is obtained when inter-layer tunneling is treated as a weak perturbation. This obser- vation is consistent with the property [2] that the first magic angle in twisted bilayer graphene is accurately predicted by perturbation theory. Secondly we observe that both non-interacting and interacting ground states have almost uniform charge density even though the flat band wavefunctions are spatially peaked near AA positions in the moiré pattern. The absence of a Hartree energy at neutrality is related to the single-particle moiré band Hamiltonian's approximate particle-hole symmetry, and is quite distinct from what would be obtained if the Hilbert space were truncated to the lowest flat bands [35] . The absence of a Hartree energy also implies the HartreeFock approximation ground state with spin and valley flavors restored consists of four copies of the single-flavor state discussed here. Finally we note that the condensation energy of the gapped state, ∼ 28 meV per moiré period for = 10, derives mainly from enhanced interlayer exchange energies. Total energy minimization including interactions adjusts the ground state so as to enhance interlayer tunneling and interlayer exchange energies at a cost in the intra-layer Dirac single particle energy. A substantial part of the ground state rearrangement occurs in remote valence bands, emphasizing that a description of interaction physics in terms of the single-particle flat bands alone is insufficient. Band Topology, Insulating States, and broken C 2 T symmetry: The moiré band model [2] captures the microscopic tight-binding model's D 6 point group, time reversal T , and U (1) valley symmetries. When the Hamiltonian is projected to a single valley, both T and C 2 = (C 6 ) 3 symmetries are lost because they map states between valleys. We are left only with the combined symmetry C 2 T , the three-fold rotational symmetry C 3 and a two-fold rotation with respect to the x-axis M x . As in monolayer graphene, the C 3 symmetry guarantees Dirac points at both κ and κ in the moiré Brillouin-zone. Even when C 3 symmetry is broken, however, C 2 T symmetry, which combines complex conjugation and sublattice interchange, would if preserved prevent gaps from opening in a model that neglects remote conduction and valence bands. Our calculations show that gapped states can nevertheless be established without breaking this symmetry. Below we characterize states that do break C 2 T symmetry by performing a Pauli matrix expansion of momentum space averages of the non-local Fock exchange self-energy, defining
(1) where A is the system area, A M is the moiré pattern unit cell area, (i, j) = 0, . . . , 3 are Pauli matrix labels, (s s) = A, B are sublattice labels and (l l) = t, b (top, bottom) are layer labels. (Because translational symmetry is broken in the moiré superlattice Σ F does have matrix elements that are off-diagonal in G and these are discussed in the supplemental material.)
We find that the emergence of gapped states in magic angle TBG is accompanied by subtle changes in band topology with both twist angle and interaction selfenergy. As the magic angle condition is approached in the non-interacting case, the two Dirac points at κ and κ illustrated in Fig. 1 are joined by six additional Dirac points [36] of opposite chirality, seeded by band touching events between the lowest conduction and valence bands and remote bands that occur at momenta near γ (see Supplementary material). Because of the flatness of the magic-angle bands, even small interaction selfenergies are then able to further alter the band topology by merging these eight Dirac points into two pairs that move from κ and κ back toward γ, and from there are transferred to remote bands by additional band touching events. The final band topology at = 10 is illustrated in Fig. 2 by plotting Berry curvature in the C 2 T brokensymmetry state as a function of moiré band momentum. Breaking C 2 T symmetry in this case lifts degeneracies not between the first conduction and valence bands, but between these bands that are their remote counterparts, and in so-doing reveals the latent Berry curvatures of band touching points that are already present. All the self-energy terms plotted in Fig. 2 break C 2 T symmetry, and the largest self-energies which do so are proportional to σ z s s and τ 0 l l , i.e. they are layer independent mass terms that favor one sublattice over the other. (We have sought self-consistent solutions with large σ z s s τ z l l , self-energies but find that they are not stable.) The Berry curvatures are large near γ, not near κ, κ , as they would be if the same self-energy were added to a weaklycoupled-layer band Hamiltonian corresponding to larger twist angles, and because of the change in chirality of the underlying Dirac-points opposite in sign for a given sense of sublattice polarization [37] . The non-zero Chern numbers of these bands suggest that magic-angle TBG insulators can exhibit anomalous Hall effects and have finite orbital magnetizations, as we discuss further below. Because the moiré bands break time-reversal symmetry finite Chern numbers are, as has been emphasized previously [38] , of any mechanism that opens gaps.
Flavor Symmetry Breaking: By breaking spin/valley flavor symmetries it is possible to induce insulating states not only at neutrality, i.e. when all valence bands are occupied and all conduction bands are empty, but also when the moiré band filling per flavor n = p/4 with p = −3, . . . , 3. To understand the nature of these states, we restore the spin and valley degree of freedom. Because interactions can induce a gap between conduction and valence bands which then remain relatively flat, it is possible to form gapped states at total band filling n = p/4 by occupying the first conduction bands for p flavors and leaving it empty for the other flavors, and at filling factor n = −p/4 by emptying the top valence bands for p flavors and leaving it occupied for the other flavors. Fig. 3 shows the quasiparticle dispersions that result from mean field calculations for the latter case. Note that there is indeed a gap for p = 1, 2, 3. It is critical that when the valence band of a flavor is emptied, the quasiparticle energies of all bands of that flavor increase because of a reduction in exchange. This allows the empty valence band of that flavor to lie above the occupied valence bands of other flavors. In the mean-field Hartree-Fock Hamiltonian, coupling between flavors occurs only through the Hartree potential which is absent at neutrality as mentioned above, and attractive at AA sites in the moiré pattern at negative band filling factors. For n = −1/2, two different ground states, one with a net spin polarization and one with net valley polarization, are found and have similar energies.
Discussion: When C 2 T is broken, the momentum-space Berry curvatures of the quasiparticle bands are non-zero. We find that the valley projected Chern numbers obtained by integrating Berry curvature over the Brillouinzone are non-trivial, and opposite for opposite valleys. It follows that the total Chern number obtained by summing over occupied bands is zero only for states without valley polarization. Guided by earlier work [39] , we anticipate that there is an energetic preference for states in which opposite valleys are occupied equally that is not captured by continuum model Hamiltonians. If so, ground states at neutrality and at n = ±1/2 will have zero total Chern number. At n = ±3/4 and n = ±1/4, however, equal occupation of opposite valleys is not possible, so the ground state should have a non-zero anomalous Hall effect, and also associated non-zero orbital polarization. The observation of anomalous Hall effects associated with magic-angle TBG insulating states would provide an important confirmation of the picture of the insulating states outlined here. The important role of thermal and quantum fluctuations of the collective fields present in the insulating states will be discussed elsewhere. It remains to be seen whether or not remnant short-range order away from rational filling factors plays a role in electron-pairing. Acknowledgment: This work was supported by DOE BES under Award DE-FG02-02ER45958. The authors acknowledge helpful interactions with T. Senthil, A. Vishwanath, and F. Wu.
Supplemental Material
Self-consistent Hartree-Fock theory for twisted bilayer graphene
Our mean field calculation is based on the continuum model proposed in [2] . Below we first explain the formalism for the flavorless case, i.e. the valley projected and spinless case, and then extend it to include both spin and valley degrees of freedom. We choose the convention that the top and the bottom layers are respectively rotated counter-clockwise and clockwise around theẑ axis by a small angle θ/2. The relative displacement between layers prior to rotation does not affect the spectrum and is ignored in our tunneling Hamiltonian. The quasiparticle wave functions in this theory are four component spinors, ψ α,k (r), α = {A1, B1, A2, B2}, where A(B) in the first index specifies sublattice and 1(2) in the second index specifies layer. We solve the mean-field equations by expanding each component in a plane-wave basis consistent with the continuum model's spatial periodicity, which matches that of the moiré pattern.
The spinless single particle Hamiltonian projected onto valley K takes the form:
whereĥ ±θ/2 are the Dirac Hamiltonians for isolated rotated graphene layers,
θk is the orientation angle of momentum measured from the Dirac pointk = k − K θ . (K ±θ/2 is the Dirac momentum of top(bottom) layer.) Due to the moiré periodic modulation, interlayer tunneling is accompanied by momentum boosts q j = 0, b 1 or b 2 for j = 0, 1, 2 respectively. b 1,2 = (±1/2, √ 3/2)4π/( √ 3a M ) are the basis vectors of moiré reciprocal lattice, where a M = a/(2 sin(θ/2)) is the lattice constant of moire pattern and a the lattice constant of monolayer graphene. The spatial modulation of the tunneling Hamiltonian takes the form:
T j e −iqj ·r (4) where
Note that we have chosen a different convention for T j then in Ref. 2 which sets the origin of real space at the center of the AA region. The magnitude of interlayer tunneling is taken to be ω 0 = 110meV . We employ a reduced zone scheme in which k is understood to be restricted to the first moiré Brillouin zone (MBZ), (k ∈ MBZ ) and for k employ the the plane-wave expansion basis |ψ α,G,k where G = mb 1 + nb 2 and m, n are integers. In an extended zone plane-wave expansion scheme, H K 0 has both terms that are diagonal in reciprocal lattice vector and terms that are off-diagonal in reciprocal lattice vector.
We take electron-electron interactions into account using the self-consistent Hartree-Fock method. In a plane wave basis, the Hartree and Fock self energies are
and
where δρ = ρ − ρ iso is the density matrix defined relative to that of isolated rotated graphene layers each filled up to the charge neutrality point. The density-matrix ρ is defined in a plane wave basis as:
where the summation is over filled bands and z n α,G,k is a numerical eigenvector in the plane-wave expansion,
obtained by diagonalizing the total Hamiltonian
Although interactions alter the lowest conduction and valence bands most strongly we find it is generally essential to include a sufficiently large number of remote conduction and valence bands. The numerical results presented in the MS included a total of 148 bands. This reciprocal space cut-off is sufficient to achieve converged insulating state condensation energies for the range of values we have considered. Spin and valley flavor degree of freedom are easily restored simply by observing that the Hartree self energy has contributions from all occupied quasiparticle states of all flavors whereas the exchange self-energy has contributions from occupied quasiparticles of the same flavor only. We note that the Fock self-energy is strongly non-local and that this nonlocality plays an essential role in how interactions select the character of the insulating states. No local exchangecorrelation approximation can describe the interaction physics of twisted bilayers reliably.
Decomposition of the Fock self-energy and symmetry analysis
The Fock self-energy dominates in the SCHF Hamiltonian and thus is responsible for the change of the symmetry properties of TBG. In the following we discuss the expansion of the Fock self-energy in terms of layer and sublattice Pauli matrices. For each flavor we can classify terms in this expansion according to whether or not they violate the C 2 T symmetry. C 2 T symmetry is a property of the non-interacting Hamiltonian and must be broken in order to generate quasiparticle bands with non-zero momentum-space Berry curvatures and Chern numbers.
We can quite generally write: 
FIG. S1
: Berry curvature of (a) lowest conduction band and (b) highest valence band for the non-interacting quasiparticle states at a twist angle, θ = 1.09, that is slightly larger than the magic angle for our tunneling strength. A small positive mass term proportional to σ3τ0 has been added to the Hamiltonian to break C2T symmetry and reveal the Dirac points.
In Fig. S1 we plot the momentum-space Berry curvature of the non-interacting continuum model bands with a small σ 3 τ 0 mass term added to break C 2 T symmetry and reveal the Dirac points. Near the magic angle the band topology is altered relative to the band topology of weakly coupled layers at larger twist angles by transferal of Dirac points from remote bands to the lowest conduction and valence bands. The band topology is further altered by electron-electron interactions as illustrated for the self-consistent mean field ground state discussed in the main text (Fig. 2(b) ). For a twist angle just above the magic angle Fig. S1 shows that the weak-coupling ±π Berry phases near κ and κ are surrounded by three new Dirac points with the opposite chirality bands. The change in topology occurs at a slightly higher twist angle than illustrated here and is accompanied by band touchings involving remote bands that occur at momenta near γ. A detailed discussion of the dependence of noninteracting band topology on twist angle and on details of the interlayer hopping model will be presented elsewhere [36] .
